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Abstract. We investigate the differential system with affine Weyl group symmetry of type 
and construct a space which parametrizes all meromorphic solutions of it. To demonstrate our 
method based on singularity analysis and affine Weyl group symmetry, we first study the system 
of type , which is the equivalent of the fourth Painleve equation, and obtain the space which 
augments the original phase space of the system by adding spaces of codimension 1. For the 
system of type A^ , codimension 2 spaces should be added to the phase space of the system in 
addition to codimension 1 spaces. 



1. Introduction 

The differential system of type Ap^ (I = 2, 3, . . . ), proposed by Noumi and Yamada [HJ, is a 
system of autonomous ordinary differential equations for (I + 1) unknown functions /o, . . . , ft with 
complex parameters ao, . . . , ai satisfying ccq + " * + &l = 1- The system has the symmetry of the 
affine Weyl group of type A^ , where ao, . . . ,ati are considered as simple roots of the affine root 

system of type Af' . It should be noted that the system of type Af' is equivalent to the fourth 
Painleve equation when I = 2, and to the fifth when / = 3. 

The purpose of this paper is to construct a parameter space of all meromorphic solutions 
(including holomorphic solutions) of the system of type A^ . We call this space an augmented 
phase space, and the process to obtain an augmented phase space an augmentation of the original 
phase space, which is the parameter space of all holomorphic solutions. Such spaces have been 
constructed in the case of Painleve equations as "spaces of initial conditions" 0]. They are 
constructed by means of successive blowing-up procedures at accessible singular points. But in 
our case, namely for the system of type A^ 1 ' , the calculations in blowing-up procedures are very 
complicated, so we take another approach based on singularity analysis, that is, the construction of 
the formal meromorphic solutions of the system in the form of Laurent expansions at an arbitrary 
point containing several arbitrary constants. We also analyse the noteworthy connection between 
the formal meromorphic solutions and the affine Weyl group symmetry the system has. 

In the case of I = 2n (n = 1, 2, . . . ), the differential system of type Af^ is defined by 

{Af ] ) : fi = U ( £ /<+2r-l - E /<+2r) + «*. 

where i = 0, . . . , 2n and ' stands for the derivation with respect to the independent variable t. The 
indices of / and a should be read as elements of Z/ (Z+1)Z. The system (-Aj 1 ^) gives a structure of a 
differential field to the field of rational functions C(a; f) of a = (ao, ■ ■ ■ , ai) and / = (/o, . . . , /;), 
and the system admits an action of the extended affine Weyl group W(Aj ) of type Aj as 
Backlund transformation group. Here Backlund transformation means an automorphism of the 
differential field <C(a; /) which commutes with the derivation. The group WY-Aj ) is generated 
by the automorphisms sq, . . . , s; and n with fundamental relations 

sf = 1, SiSjSi — SjSiSj (j = i±l), SiSj = SjSi (j^i±l); 

TT l+1 = 1, TTSi = S 4+ l7T 
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for i, j = 0, 1, . . . , I. The actions of Sj and tt on oij and fj are given by 

Q/ ■ 

(1.1) Si(aj) = atj -Oidij, s i (f j ) = f j + —u ij ; n(atj) = a j+1 , n(f 3 ) = f j+1 

Ji 

for i, j — 0, 1, . . . , I, where A = (aij)o^i.j^i is the generalized Cartan matrix of type A^: 

(1.2) a 3J =2, Oi 3 - = -1 (j = i±l), aij =0 (j^i,i±l), 
and [/ = (wy)o<ij<i is the orientation matrix: 

(1.3) Ui,- = ±1 (j = i±l), ^ = 07i±l). 

In this paper we investigate the system (^4; ) in the case of I = 2 and I = 4, namely, the 
system (A^) and the system (A 1 ^), respectively. Although the main object of the paper is the 

system (A^ ), we first study the system (A%), in Sectional to clarify our method. Section 
is divided into three subsections. In the first subsection, we obtain all formal meromorphic 
solutions of the system (A^p), observing where arbitrary constants appear. These solutions 
are classified into three families of formal meromorphic solutions, each of which corresponds to 
Backlund transformation Si for some i = 0, 1, 2. In the second subsection, we choose an appropriate 
coordinate system for each family of formal meromorphic solutions in order to extract arbitrary 
constants, or more precisely, in order that the new coordinates express the formal meromorphic 
solutions as formal holomorphic solutions and so that the arbitrary constants appear in their 
constant terms. By the use of such appropriate coordinate system, the convergence of formal 
meromorphic solutions is shown. In fact, for each family of meromorphic solutions, we obtain 
two different coordinate systems. In the third subsection, we construct a fiber space E over the 
space of parameters a, so that each fiber of the space E parametrizes all holomorphic solutions 
and meromorphic solutions. Holomorphic solutions correspond to the points of a 3-dimensional 
affine subspace of the fiber, and three families of meromorphic solutions correspond to three 2- 
dimensional affine subspaces. We also study mappings from E to itself associated with Backlund 
transformations. Our coordinate systems of E are convenient for studying these mappings. 

The latter sections are devoted to the study of the system (A^). Sections |3| E] and 
are A^ versions of Subsections 12.11 12.21 and 12.31 respectively. In Section [31 we study formal 
meromorphic solutions of the system (A^). There are fifteen families of formal meromorphic 
solutions, which are divided into three classes corresponding to Sj, SjSi and SkSjSi, or rather the 
type (i), (ij) and (ijk) for some i,j,k — 0, ... ,4. In Section 0] we choose a suitable coordinate 
system for each family of formal meromorphic solutions. The process in the case of type (?) 
is almost the same as the system (A^'Y In the case of type (ij), we first apply the process 
corresponding to the type (i) and then proceed to the next and final process. In the case of 
type (ijk), we apply the process of the type (ij), and then proceed to the final process. In 
Sectional we construct a fiber space E over the space of parameters a of the system (A^ ) 
in the same way as in Subsection 12.31 and study the mappings from E to itself. In this case, 
each fiber E(a) consists of a 5-dimensional space, five 4-dimensional spaces and ten 3-dimensional 
spaces, any two of which do not intersect. The 5-dimensional space is a parameter space of the 
holomorphic solutions, and each 4-dimcnsional or 3-dimensional space is a parameter space of a 
4-parameter or a 3-parameter family of meromorphic solutions, respectively. 

The results in Section are easily translated to the notion of the defining manifold (a fiber 
space over the space of independent variable t, whose fibers are the spaces of initial conditions) 
of the Hamiltonian system associated with the system (A\ In the last section, Section [HI we 
give a list of local coordinate systems of the defining manifold and the form of the Hamiltonian 
functions on the charts. 



an augmentation of the phase space of the system of type a { p 3 

2. The system of type a£' 

The system of differential equations with affine Weyl group symmetry of type is explicitly 
written as 

/Wo(/i-/a) + oo, 

(2.1) f{ = /i(/ 2 -/o)+a 1 , 

^ = /a(/o-/i)+a a) 

where ' = d/dt. 

2.1. Formal meromorphic solutions. For an arbitrarily fixed to £ C, let us consider a formal 
meromorphic solution of the system (|2.1|l of the form 

oo 

(2.2) / l= ^^T", T:=t-t (* = 0,1,2) 

n— — r 

where r is a positive integer and c_ r = (c°_ r , c^ r , c?_ r ) 7^ (0, 0, 0). 

Substituting this into (|2.1I) and comparing the coefficients of J 1 ™ -1 on both sides, we have 

n-\-r— 1 

(2-3) n<= £ ti^n-fc-i+^n-iai (1 = 0,1,2) 

fe=-r 

for n ^ — 2r + 1 where G l n = c 1 ^ 1 — c l + 2 and 8. . is the Kronecker delta. We set c n = (c° , c 1 , c^) = 
(0, 0, 0) for any n — r — 1, by convention. 

We first see r = 1 by deriving a contradiction. For this purpose, we assume r > 1 and look into 
the equations l|2.3|) for n = — 2r + 1, — 2r + 2, . . . , — r: 

= c_, r G_, r ^^ F C— r +i G_ r , 

= C_, r G_ r+2 F c -r+l r+1 F c _ r+2 G-ri 

= c!_ r G"_ 2 F c!_ r+1 G"_ 3 F • ■ • F c!_ 3 GF r+1 F c l _ 2 G l _ r , 

TC L _ r — cJ_ T G % _\ F C l — r -]-i G l _2 F ' ■ ' F C l —2 G % —r+l F G!_ r . 

The first equation, for i = 0, 1, 2, is solved as 

c- r = (a,a, a), (a, 0,0), (0, a, 0), (0,0, a), 

where a is an arbitrary non-zero constant. Note that G l _ r + c l _ r ^ (i = 0, 1, 2) in every case of the 
values of c_ r . Then these equations enables us to find out either c l _ 1 — or G l _ 1 = —r, for each 
i = 0, 1, 2, as follows. If c l _ r = for some i, then G l _ r ^ by G!_ r FcF r 7^ and the above equations 
yield c l _ r+1 = ■ ■ ■ = c l _ 1 = 0. On the other hand, if c l _ r ^ for some i, we obtain G % _ r — from 
the first equation, and hence, by the other equations, G l _ r+1 = G t _ r+2 = ■ ■ ■ = G l _ 2 = and 
G l _ 1 — —r. Therefore c l _ r = for some i implies c i _ 1 = and c l _ r ^ for some i implies 
Gti =-r. 

Let us derive a contradiction in each case of c_ r . In the case of c„ r = (0,0, a), for a ^ 0, we 
obtain c°_ 1 = c 1 _ 1 = 0, G 2 _ 1 = —r by the above and, since G 2 _ 1 — c°_ 1 — c 1 _ 1 by definition, r = 0, 
which contradicts the assumption r > 1. We have the contradiction in the case of c_ r = (0, a, 0) or 
c_ r = (a, 0, 0), similarly. In the case of c_ r = (a, a, a), for a ^ 0, we have G° 1 = GL X = G 2 _ 1 = —r, 
which contradicts G°_ x F GL X F G 2 ^ = (cLx - ci x ) F (c^ - c° : ) + (c° x - cL^ = 0. Thus we 
have shown that r = 1. 

Now we determine the coefficients c„ = (c°,c*,c^) of the expansion l|2.2|l for n — 1 by the 
equations (|2.3|) . For n = —1, we have 

(-ljc*.! = cL 1 (ci+ 1 - cL+ 2 ) (i = 0, 1, 2) 
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and it follows that 

c_ x = (-1,0,1), (1,-1,0), (0,1,-1). 
For n ^ the equations (|2.3|1 can be written as a system of linear equations 

n— 1 



i+2 



^ 4 G «-fc-i + -V-i^ C^ ' 1 ' 2 ) 



fc=0 



with respect to c n 
polynomials of { c\, at ; i = 0, 1, 2, /c 
matrix of the linear system: 

Pn = 



and hence the coefficients c n are successively determined as 
0, . . . , n — 1 } unless det P n = 0, where P„ is the coefficient 



- G ^ 



-G 1 



-G 2 



_1 o_ x it - <J_1_ 

When det P ra = for some n and the linear system has a solution, the solution contains arbitrary 
constants, the number of which is equal to dimker P n . 

Let us observe the expansion (|2.2|l precisely in the case of c_i = (—1,0,1). The expansions in 
the other cases are easily obtained by the use of cyclic rotations. We first note that 



Pn 



n + 1 


-1 



1 

ra-2 
1 



-1 


n+ 1 



detP„ = (n + 2)n(n - 2). 



We can see that dim ker Pq = 1 and the linear system for n 



is solved as c\ 



and cf! 



-0' 

which is arbitrary. The coefficients c\ for i = 0,1,2 are uniquely determined depending on the 
value of Cg = Cg. For n = 2, we can verify that dim ker P2 = 1 and the solution ci = (c^c^c 2 .) of 
the linear system is determined so that c\ is an arbitrary constant while the other c° and c 2 , are 
unique depending on the value of c\. The coefficients c„ for n ^ 3 are uniquely determined by c[J 
and c\. Thus we have obtained the expansion of the formal meromorphic solution as 



fo — - j, 



(2a + 3ai + a 2 ) - (eg) 1 



(2.4) 



fx = 



h = 



1 

T 



a.\T ■ 
(a - 



clT* 



3ai 



+ 0(T 3 ), 
2« 2 ) + (c° ) 



T + 0(T 2 ), 



■T + 0{T 2 ), 



where c[J and c\ are arbitrary constants which are free from the system (|2.1|) . Hence this formal 
solution depends on two arbitrary constants. Note that we do not consider the position of the 
pole, to, as an arbitrary constant, since the system H2.1(l is autonomous. 
Let us set 

Res / = (Res t= t / , Res t=to fx, Res t=fo / 2 ) 

for a set of formal meromorphic functions / = (/□, fx, f%) at t = to. Then the above solution Ij2.4|l 
can be indicated by Res/ = (—1,0,1). All formal solutions of the system l|2.1|l with Res/ = 
(—1,0,1) defines a 2-parameter family of formal solutions. The other 2-parameter families are 
also defined by the formal solutions with Res / = (1, —1, 0) or with Res / = (0, 1, —1). 

In the rest of this subsection, we mention the relations between these three 2-parameter families 
of formal meromorphic solutions and the Backlund transformations Si for i = 0, 1,2. For example, 
let / be the solution with Res / = (—1,0, 1) and let gi = sx(fi) and (3i = si(a;) for i — 0, 1,2, 
namely, from (|1.2[) and (|1.3I) . 



,9o 



f ai 

JO 7~j 

Jl 



.91 = fi, 92 



f + ai - 
J 2 + -7-, 

h 



(3 = a Q + ax, (3x = ax, (3 2 



ai + ax- 



Then g = (50,51,52) satisfies the system 

g'i = 9%{9%+i 



•5i+ 2 )+A, (i = 0,l,2) 
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Table 1. Classification of the families of solutions of the system (A^) 



type 


Res/ 


corresponding BT 


# of arbitrary constants 


(0) 


(0,0,0) 


id 


3 


(1) 


(-1,0,1) 


Sl 




(2) 


(1,-1,0) 


S2 


2 


(0) 


(o,i,-i) 


so 





and it has the series expansion given by 

90= U + ^+0(T), gi=Q-PiT + c\T 2 + 0{T% g 2 =U-±\ +0 {T) 

without terms of negative powers of T. This fact means that, when ax{= /?i) ^ 0, the formal solu- 
tion with Res / = (—1, 0, 1) is related, via Backhand transformation s\, to the formal holomorphic 
solution of the system l|2.1fl with parameters s\{a) = (3 = (/3q, /3i, (3%) under the initial condition 

c 1 c 1 

9o(*o) = + ffi(to)=0, sa(io) = c° - -2-. 

pi Pi 

In this sense, we say that the solution with Res/ = (—1,0,1) corresponds to the Backhand 
transformation s\ and that the formal solution is of type (1). Then the solutions with Res / = 
(1, — 1, 0) and (0, 1, —1) are of type (2) and (0), respectively. Generalizing the terminology, we say 
that the 3-parameter family of holomorphic solutions is of type (0) (see Table^). 

2.2. Coordinates for formal meromorphic solutions. In this subsection, we prove the con- 
vergence of the formal meromorphic solutions Ij2.4|l by choosing suitable coordinate systems so 
that the arbitrary constants in the formal solutions are interpreted as initial conditions of the 
holomorphic differential systems in the new coordinate systems. 

Let / = (/o, fx, fz) be the solution (|2~4) with Res / = (-1, 0, 1). We first notice that fo + fx + 
f% = 2c[j + T and that /o has a simple pole while /i has a simple zero at t = to- Then 1/fo has a 
simple zero, and moreover, the expansion of /o/i is of the form 

/o/i=ai-(c4+a lC °)T + 0(T 2 ). 

Noting the position of the arbitrary constant c\, we multiply a\ — fofi by /o. Then we have 

/o(«i - fofx) = (4 + «icg) + O(T), 

where c\ is contained in the initial value at t = to- 

Based on such an observation, we introduce the transformation 

(2.5) u = l//o, ux = /o(ai - fofx), u + ux + u 2 = fo + fi + h- 

We can verify that the transformation 12.5JI changes the system (|2.1(l into the holomorphic system 

u' Q = 2uqMi - (a + 2ai - l)ul + (ui + u 2 )u - 1, 

(2.6) u[ — -3-UqM 2 + (2a + 4ai - l)it wi - (ui + u 2 )ui ~ (a + Qi)ai, 
u' + u'x + u' 2 — a + ax + a 2 . 

Now take a solution of the new system ()2.6|) holomorphic at t = to with uo(^o) = 0, iti(io) — hi, 
U2(to) = h 2 by Cauchy's existence and uniqueness theorem. Then, since 

u' Q {to) = -l, u' Q \to) = -{hx + h-2), 
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we have the Taylor expansion of the holomorphic solution as 

u = -T - + h 2 )T 2 + 0(T 3 ), 
ui = h x + 0(T), 
u 2 = h 2 + 0(T). 

Transform this solution u(t) = (uo{t), u\(t), u 2 (t)) by 1(2.5(1 . then we have a meromorphic solution 
of expanded as 

fo = l/«o = -t + + M + O(T), 

/1 = uo(ai - u ui) = -aiT - (hi + \ax(h\ + h 2 )) T 2 + 0(T 3 ), 

h = u o + ui + u 2 - 1/uq - u (ai - u ui) = i + \(hi + h 2 ) + 0(T), 

which coincides formally with the formal solutions (|2.4(l under the one-to-one correspondence 

eg = + h 2 ), cl = hi + ^a!(hi + h 2 ). 

Thus we have proved the convergence of the formal meromorphic solution (|2.4(l with Res / = 
(-1, 0,1), or of type (1). 

From the above result, it follows that the domain of definition of the system 1(2.1(1 can be 
extended from the affine space {(/c/1,/2) G C 3 } to the space obtained by identification of 
{ (fo, hi fz) £ C 3 } and { (uq, ui,u 2 ) £ C 3 } via 12.5(1 . The identified space is considered to be a 
disjoint union of the original phase space { (fo, fi, f 2 ) £ C 3 } and the 2-dimensional affine space 
{ (uo, U\, u 2 ) £ C 3 ; uq = }. The added 2-dimensional affine space is considered to be a parameter 
space of the 2-parameter family of solutions with Res / = (—1, 0, 1). We call such an extension of 
the domain of definition an augmentation of the phase space. 

We note that the same argument can be done by another transformation 

(2.7) v 2 = l/f 2 , vi = f 2 (-a x - f 2 fi), v +v 1 +v 2 = f Q + f 1 + f 2 . 

The affine space { (vq, v\, v 2 ) £ C 3 ; v 2 = } is also the parameter space of the same 2-parameter 
family of solutions with Res / = (—1,0,1) and isomorphic to {uq — 0}. 

In the end of this subsection, we observe how Si (i = 0, 1, 2) act on the variables uq, ui, u 2 and 
vq, vi, v 2 . The actions of sq on uq, u\,u 2 are calculated as 

so(wo) = s (l//o) = V s o(/o) = l//o = u , 
s (ui) = s (/o(ai - /0/1)) 

= s (fo)(s (ai) - s (/o)s (/i)) 

= /o(a + ai-/ (/i + f )) 

= fo(ai - /0/1) = ut, 
sa(u 2 ) = (fa + fx + f 2 ) - (no + ui) = u 2 . 
Similarly, we obtain the action of si as 

si(u ) = uo , Sx(u\)=U\, si(u 2 )=u 2 -\ . 

However we see that the forms of s 2 (ui) for i = 0, 1, 2 are not so simple as above. On the other 
hand, by 1(2. 7|) . we see 

si(v )=v , S 1 (v 1 )=V 1 , S!(v 2 )=V2-\ , 

Vi Vi 

s 2 (vq) = v , s 2 (vi)=Vi, s 2 (v 2 )=v 2 , 

but the forms of so(vi) for i — 0, 1, 2 are complicated. Hence the coordinate system u is convenient 
to observe the action of sq while v is convenient to see the action of s 2 . This is the reason why 
we take both systems u and v. In the next subsection, u and v will be distinguished by the labels 
with — and +, respectively. 
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We can obtain the similar results in the cases of Res / = (1, —1,0) and of Res / = (0, 1, — 1), 
obviously. 

2.3. Augmentation of the phase space and Backlund transformations. We now define a 
fiber space E over the parameter space 

V = { a = (ocq, ai,a 2 ) £ C 3 ; a a + oti + a 2 — 1 }, 

each fiber E(a) of which is the augmented phase space parametrizing all meromorphic solutions 
of the system <|2.1[1 . 

Let I = {0, 0+, 1+, 2 + , 0_, 1_, 2_} be a label set and W* for each * £ I be seven copies 
of V x C 3 with coordinates (a, a;*) = (ao> a\, oi2;x < l,x\,x%) £ W*. Then we define the space E by 
gluing W* via the following identification equations 

x i+ ~ ^/ x J x i + — x ( — a i ~ x ^0)) x i + + x i + + x iX ~ X + ^0 + x 

for (a,i ) £ Wfz and (a,Xi + ) £ Wi + , and 



x i_ — ^/ x ) x i_ — x (~t~^i x x 0*)i x i_ x i ~t~ x * — x & ~t~ x & "T" 



for (a,i ) e VF0 and (a,Xi_) 6 Wi_, namely, 

where ~ is the equivalence relation generated by the above equations. Here x shall be considered 
as the original coordinate system / in (|2.1|l . Then we see that x\_ = u and x± + = v, where u and v 
are the coordinate systems defined by l|2.5|l and (|2.7(l . respectively. We denote by ttv the natural 
projection ny : E — > V and let E(a) := ny 1 (a) be the fiber of E over a £ V. 

For (a,x») £ W* (* G 7), let [(a, a;*)] be its equivalence class. Define the subset U* of E by 

£/* := { [(a, a:*)] ; (a, a:*) G VF» }. 

Then there are coordinate mappings Lp* from [/* to W 7 *, namely, 

^,:pet/,^ (a (p),ai(p),a 2 (p);^(p),a;i(p),a;2(p)) G W» = V x C 3 

for each * £ I. Note that and a;* are here considered to be coordinate functions. Let E and 
Ej (i = 0, 1, 2) be the subsets of E defined by 

E := U , Ei := U i+ \ U = (cp i+ )- 1 ({a^ 1 = 0}) 

= U i _\U = (cp i _)- 1 ({xt: l = O}). 

Then E = V x C 3 , E, = V x C 2 and the space E is decomposed as 

E = E UEo UEi UE 2 . 

Each Ei (i = 0, 1, 2) is the parameter space of the corresponding 2-parameter family of meromor- 
phic solutions of type (i) and E is that of the 3-parameter family of holomorphic solutions of 
type (0) of the system (|2.1j) . 

The system of differential equations 12. 1|) defines a vector field 

2 

i=0 \ ax 0/ p 

for each a G V. As we have already shown, the vector field can be holomorphically extended 
to E(a). 

We next observe how Backlund transformations act on the space E. For to G W(A { 2>), we 
define Uu, from E to itself by 

(ay o a w )(p) = ° <r w ) (p) = (u>(a?j)) (p) (p G E, j = 0, 1, 2) 
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for any * £ I as far as the right-hand sides are defined for p. Here w[xi) (j = 0, 1, 2) are rational 
functions of a — (ao,ai,a2) and x» = (xl, x\, xl) determined by w: C(a, f) — » C(a, f) and the 
isomorphism from C(a, /) to C(a,x*). 

We can verify that o~ w is birational and a w i o a w = <j ww i for w,w' € W^A^). Note that 

W^A^) is generated by 50:51152 and 7r, and that o~ n is obviously extended to a biholomorphic 
mapping from E(a) to E(7r(a)), which maps E* (* = 0, 0, 1, 2) as 

a n {E )=E , ( T 7r (E )=Ei, a,(E 1 )=E 2 , a„(E 2 )=E Q . 

Therefore we now consider <7j := a Si for i — 0, 1, 2 in more detail. Let i = 0, 1, 2 be fixed. We can 
verify that cr, can be extended to a biholomorphic mapping from E(a) to E(sj(a)) for any a G V 
and its images of E* (* = 0, 0, 1, 2) are given by 

ai(E \ Di) = E \ A, ct 4 (E' n A) =E' i; a 4 (E t±1 ) = E 4±1 

(Tj(E<) = E' n A, 

where 

E', := E» \ ^({Oi - 0}), A := (^) _1 ({4 = 0}). 
These assertions are verified by direct calculation using 

ou 



Si{x{) 



xl H — k tJ (* = 0, 
s£ (* = (* -!)+,(*+ 1)_), 



where Ujj are given by 

We remark that such relations, say o"i(E' 1 ) = E' n A, explain the correspondence of the 
meromorphic solutions of type (1) and the holomorphic solutions of type (0). o\ maps the 
integral curve through a point of E[ to an integral curve through a point of E' n A . 

3. Formal meromorphic solutions of the system (A^) 

In this section, we obtain all formal meromorphic solutions of the system of differential equations 
with affine Weyl group symmetry of type A^ : 

(3.1) fl = fi(fi+i - h+2 + h+3 - fi+i) +ai (i = 0, . . . , 4). 

We show that (i) the order of the pole of every formal solution is one, (ii) there are fifteen families 
of such formal solutions, and (iii) five of them contain four arbitrary constants and the other ten 
contain three arbitrary constants. 

We proceed in the same manner as Subsection l2.1l of the case of type A% . Let / = (/o, . . . , f<i) be 
a formal solution of the form 

oo 

(3.2) J' X '•;, /"• T:=t-to (* = (),. ..,4) 

n— — r 

where r is a positive integer. Direct substitution of these series into I J3.1JI gives 

ri.+r— 1 

(3.3) nc i n = 4Gj,_ fc _ 1 +*o, n _ia i (i = 0,...,4) 

k— — r 

where 

4 

r i _ ST^(_ 1 \fe-l _i+fc _ i+l _ „i+2 , i+3 _ i+4 
fe=l 

Proposition 3.1. ///i /ia,s a pole at t = to tfiera £/ie order of the pole is one, i.e., r = 1. 
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Proof. Suppose that r > 1. Consider a series of equations (|3.3() for n = —2r + 1, — 2r + 2, . . . , — r. 
The first equation = c l _ r G l _ r (i = 0, . . . , 4) has the following solutions up to cyclic rotation 

c- r = (c°_ r , . . . , cl r ) = (a, 0, 0, 0, 0), (a, a, a, 0,0), (a, a, 0, — a, 0), (a, a, a, a, a) 

where a ^ 0. It is verified that G"L r + c!_ r ^ for each z = 0, ... ,4 and each solution c_ r . 
Therefore, as in Subsection 12.11 the remaining equations yield that cL r = implies c l _ 1 = 
and c l _ r 7^ implies G 1 _ 1 = — r for each i = 0, ... ,4. Then, in each case of c_ r , we derive the 
contradiction that r — as follows: 



(i) In the case of c_. r = (a, 0,0,0,0), we deduce that c 1 _ 1 



ci 1 = and G°_ 1 



Then it follows that r = from G°_ 1 = c 1 _ 1 - c 2 _ 1 + c 3 _ 1 - ci x . 
(ii) In the case of c_ r = (a, a, a, 0, 0), we have G°_ 1 — G 1 _ 1 — G 2 _ l — —r, c 3 _ 1 = c i _ l = and 



and hence r = 0. 



(iii) In the case of c_ r = (a, a, 0, —a, 0), we have G°_ 1 = G_ x = G 3 _ 1 = — r, c 2 _ 1 = c 4 l 1 = and 



G°_ 1 + G 1 _ 1 - G?_ 1 



c_ r , and hence r = 0. 



(iv) In the case of c_ r = (a, a, a, a, a), we have G°_ 1 = ■ ■ ■ = G 4 l 1 = — r and G°_ 1 + ■ ■ ■ + G 4 l 1 
EtoELit- 1 )*" 1 ^ = 0, and hence r = 0. 

Let us now determine the coefficients c n (n ^ — 1) of the expansion (|3.2|l from l|3.3|l . For n = — 1 
the equations Ij3.3[l are written by 

(-l)cla = ^(c* 1 - c!+ 2 + J+? - c!+ 4 ) (i = 0, . . . ,4) 

which has fifteen solutions c_i = (c°_ 1 , . . . ,ti£_A, each of which equals to one of 

(-1,0,1,0,0), (-1,0,0,0,1), (-1,-3,0,3,1), 

by suitable cyclic rotations. 

For n ^ 0, the equations (|3.3|l with respect to c n are written by the following linear system 

ri-1 

(n - GUK - ^{c^ 1 - c^ 2 + J+ 3 - cj+ 4 ) =J24 G^-i + (i = 0, . . • , 4) 



□ 



fe=0 



Let 



c -l 



r 4 
c -l 



n - Glj -c 2 _ x 



-l 



-Ci c_i n — G_ l 

Then c„ is uniquely determined by ci, . . . , c„_i unless detP„ = 0. Since P n only depends on n 
and c_i, it suffices to consider the above three typical cases of the values of c_i. 
(i) The case of c_i = (-1,0,1,0,0): We have 

detP n = (n + 2)n 3 (n - 2) 

and we have the relations cj = 0, Cq — Cq + Cq — Cq = among Cq, . . . , Cq. In this case the system 
has a formal meromorphic solution of the form 



/o 
/i 

(3-4) h 

h 
h 



T 



3 



2a + 3ai + a 2 - a 3 + "4 - (c[5) 2 + 2(c 2 ,) 2 - 2c 2 



T + Q(T 2 ), 



+ 4 T 2 + 0(T d ), 



1 2 1 

r + c ° + 3 



a + 3 ai + 2a 2 + a 3 - a 4 + (c 2 ) 2 - 2(c°) 2 + 2c 2 | T + Q{T 2 ), 



(d + c) 



(9 \ 2 9 
Cn) +C 



a4 



T + 0(T 2 ), 
T + 0(T 2 ), 
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where c 



„0 _ „3 



■ Cq. This formal solution depends on four arbitrary constants eg, C 2 ,, Cq, c 2 



and therefore defines a 4-parameter family of formal meromorphic solutions, 
(ii) The case of c_i = (-1, 0, 0, 0, 1): We have 

detP„ = {n+ 2) 2 n(n - 2) 2 

and obtain a formal solution containing three arbitrary constants eg, Crj, cf> written by 



(3.5) 



/o 
/i 
/a 

h 

h 



1 

T 



2ao + 3ai + a 2 + 3a 3 + a 4 
aiT + 4 T 2 + 0(T 3 ), 
+ 0(T 3 ), 



(<«) 2 



T + 0(T 2 ), 



\a 2 T 



1 

T 



a 3 T + c| T 2 + 0(T 3 ) 
1 



a + 3ai + a 2 + 3a 3 + 2a 4 + (eg) T + 0(T 2 ). 



This is a 3-parameter family of formal meromorphic solutions, 
(iii) The case of c_i = (—1, —3, 0, 3, 1): We have 

detP„ = (rc + 4)(n + 2)ra(7i-2)(ra-4) 

and get a formal solution including three arbitrary constants eg , c?, , c 2 written by 



(3.6) 



fo 

h 

h 
h 
h 



1 




i - 


T ' 




3 . 


3 




1 - 


T 


+ 


5 . 






1 

— c 






3 


3 




1 - 


r 




5 . 


i 




1 - 


T " 




3 . 



2a + 3«i + 5a 2 + 3a 3 + a 4 - (c j* 
«o — 2a?i — 5a 2 — 3a 3 — a 4 — 2(cg)" 



T - c 2 T 2 



0(T 3 ), 



4 



-(a + 3ai + 5a 2 + 3a 3 + a 4 )cg 



T 2 + 0{T i ), 



1 

45' 



-ao - 3ai + 3a 3 + a 4 + 2 (eg)' 



T 1 



a + 3ai + 5a 2 + 2a 3 — a 4 — 2 (eg)" 



ceo + 3ai + 5a 2 + 3a 3 + 2a 4 



1 



T + c 3 T 2 



hc 2 T 4 + 0(T 5 ), 
0(T 3 ), 



T 



c\ — - (ao + 3ai + 5a 2 + 3a 3 + a 4 )cg 



T 2 + 0(T 3 ). 



This is another 3-parameter family of solutions. 

As the system of type we denote the coefficients c_i = (c a _ l , . . . , cijj by Res / = 

(Res fo, . . . , Res / 4 ). The above results are stated as: 

Proposition 3.2. The system (|3.1|l has fifteen families of formal solutions f — (/o, . . . , / 4 ) with 
simple pole and the types of the formal solutions are determined by Res/. 

The fifteen families of formal meromorphic solutions are divided into five 4-parameter families 
and ten 3-parameter families. We further classify the families from the viewpoint of the actions 
of Backlund transformations. 

Let / be the formal solution with Res/ = (— 1, — 3, 0, 3, f ), i.e., of case (iii). Substituting it 
into cji = s2i.fi) (i = 0, . . . , 4), namely into 



,9o = fo, 9i = fi 



Q 2 



g2 = h, 53^/3 + 



a 2 



.94 = U 
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Table 2 . Classification of the families of solutions of the system {A 



ah 



type 


Res/ 


corresponding BT 


jj= of arbitrary constants 


(0) 


(0,0,0,0,0) 


id 


5 


(1) 


(-1,0,1,0,0) 


Sl 




(2) 


(0,-1,0,1,0) 


S2 




(3) 


(0,0,-1,0,1) 


S3 


4 


(4) 


(1,0,0,-1,0) 


S 4 




(0) 


(0,1,0,0,-1) 


«0 




(13) 


(-1,0,0,0,1) 


S3S1 




(24) 


(1,-1,0,0,0) 


S4S2 




(30) 


(0,1,-1,0,0) 


sqs 3 


3 


(41) 


(0,0,1,-1,0) 


S1S4 




(02) 


(0,0,0,1,-1) 


S2S0 




(132) 


(-1,-3,0,3,1) 


S2S3S1 




(243) 


(1,-1,-3,0,3) 


S3S4S2 




(304) 


(3,1,-1,-3,0) 


S4S0S3 


3 


(410) 


(0,3,1,-1,-3) 


S0S1S4 




(021) 


(-3,0,3,1,-1) 


SiS 2 S 





we obtain the series expansion 



<?0 = -i + O(l), 



92 = -~a 2 T 



0(T 3 ), 



9i = -(01 +a 2 )T + 0(T 2 ), 
-(a 3 + a 2 )T + 0(T 2 ), 



(J:>, 



.94 = ^ + 0(1), 



which is the formal solution with Res g = (—1,0,0,0,1) of the system (|3.1f) with parameter 
82(a) = (s 2 (ao), • ■ ■ , ■32(0^4)). Note that this does not hold in the case of 02 = 0, since g = f in 
that case. Let us denote this fact as 

Res/ = (-1,-3,0,3,1) => Res s 2 {f) = (-1,0,0,0,1) if a 2 ^0. 

Similarly, we obtain 

Res / = (-1,0,0,0,1) Ress 3 (/) = (-1,0,1,0,0) if a 3 ^ 0, 

Res / = (-1,0,0,0,1) Rcssi(/) = (0,0,-1,0,1) if a x ^ 0, 

Res / = (-1,0,1,0,0) ^ Ressi(/) = (0,0,0,0,0) if a x ^ 0. 

Here Ressi(/) = (0,0,0,0,0) means that si(/) is a formal holomorphic solution. Hence, gener- 
ically, each formal meromorphic solution can be transformed into a holomorphic solution of the 
system Ij3.1|l with different parameter by an appropriate Backlund transformation. Therefore 
it is convenient to distinguish each family of formal meromorphic solutions assigning to it a 
Backlund transformation expressed as a product of Si (i = 0, ...,4). For instance, we assign 
Backlund transformations s\, S3S1 and S2S3S1 to the families of formal meromorphic solutions with 
Res / = (—1,0,1,0,0), (—1,0,0,0,1) and (—1,-3,0,3,1), respectively. We also say simply that 
they are of type (1), (13) and (132), respectively. Such classification of all the families of formal 
meromorphic solutions of (|3.1|l is given in Table where the family of holomorphic solutions is 
denoted as type (0). The position to of pole is not counted into the arbitrary constants as before. 

4. Coordinates for formal meromorphic solutions of the system (Ay) 

Now we shall prove the convergence of the formal meromorphic solutions obtained in the 
preceding section. This section is devoted to the proof of the following proposition. 
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Proposition 4.1. Any formal meromorphic solution of the system l|3.1() converges. 

The idea of the proof is almost the same as the case of the system of type A 2 described 
in Subsection 12.21 we will introduce appropriate change of variables so that the system <|3.1|) 
is transformed to a holoniorphic system and the arbitrary constants contained in the formal 
meromorphic solution of (|3.1|) are considered as a initial condition of the holoniorphic solution of 
the converted system. 

While the system (|3.1[l has the fifteen families of formal meromorphic solutions, we discuss the 
three typical families of type (1), (13) and (132) in sequence. The convergence of the solutions of 
the remaining types can be shown by the rotations of indices. 

4.1. The family of type (1). Let / = (fo, . . . , fi) be the formal meromorphic solution of type 
(1). Then the series expansion of / is the form of (|3.4|) . and fo has simple pole at t = to while 
fi has a simple zero. We note that l//o has a simple zero and /o/i has no pole: 

Ml =ai- {c\+ ai cl)T + 0{T 2 ). 

Since ct\ — fofi has a simple zero, multiplying fo, we have the expansion 

/o(ai ~ Mi) = {c\ + ai c°o) + 0(T), 

which has no terms of negative power of T but has the constant term containing the arbitrary 
constant c\. We also note that fo + f 2 has no pole, even though f 2 has a simple pole. Therefore 
we introduce the following transformation: 

"0 = l//o, 

mi = fa(ai - /o/i), 

(4.1) u + u 2 = fo + f2, 

U3 = h, 
u -\ h u A = fo H h fi. 

We can verify that this biholomorphic mapping from C 5 \ {fo — 0} to C 5 \ {uo = 0} transforms 
the system (|3.1f) to the system 

u' Q = 2mqMi - (a + 2qi - 1)mq + (ui + u 2 - u 3 + u 4 )u - 1, 

u[ = Suqu\ + (2a + 4ai - l)iio"i - ("i + u 2 — U3 + u A )ui - (a + ai)ai, 

u' 2 = -2?iQ?ii + (a + 2«i — 1)uq — (ui + u 2 - u- 3 + 114)110 

(4.2) + (u 3 - 114 — ui)(wo + u 2 ) - 2u ui + a + 2«i + a 2 + 1, 
u' 3 = (114 - uo + ui — u 2 )u 3 + a 3 , 

u' A = 'iu^ul - (2a + 4«i - 1)mo"i + (ui + u 2 - u 3 + u 4 )u 1 + (ct + ai)ai 
+ (u4 + mi)(uo + u 2 — u 3 ) + 2u ui + c±4 - a%. 

Here notice that u' Q + ■ ■ ■ + u' A = ao + ai + a 2 + a 3 + a.4. 

Since the right-hand sides of the above equations are polynomials in u — (uo, ■ ■ • , U4), there ex- 
ists a unique holomorphic solution u — u(t) with the initial condition u(to) = (uo(to), ■ ■ ■ , U4(to)) = 
(0, h\,h 2 ,h 3 , 114), where h\,h 2 ,h 3 , 114 are arbitrary complex numbers. Let F be a polynomial of u 
such that Fuq — 1 is the right-hand side of the first equation in (|4.2(l , namely, u' Q = Fuo — 1 . Then it 
follows that F\ Uo= o = ui+u 2 — u 3 +U4, and hence, setting k — F(to) — F(u(to)) = h%+h2 — 
we have 

u' (t ) = F(t ) u (t Q ) - 1 = -1, u' \t ) = F'(t ) u Q (t ) + F(t ) u' (t ) - k. 
Therefore the Taylor expansion of uo = uo(t) is 

710 = Uo(t) = + u' (t ) T + \u' \to) T 2 + 0{T 3 ) 
= -T (l + |fcT + 0{T 2 )). 
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We also have the Taylor expansion of Ui, . . . , u 4 as 

Ul =hi + 0(T), u 2 = h 2 + 0{T), u 3 = h 3 + 0(T), u 4 = h 4 + 0(T), 
and, from l|4.1|l . we see that the transform / = (/o, ■ ■ ■ , fi) of u = (uq, . . . , U4) is of the form 

h = l/u = -^ + \k + O{T), 

fi = u (ai - uqUx) 

= -T (l + \kT + <3(T 2 )) • (ai + h t T + 0(T 2 )) 

= -a x T - (hi + ±aik) T 2 + 0(T 3 ), 

h = u + u 2 - 1/uo = i + (/i 2 - \k) + 0(T), 

f 3 =u 3 = h 3 + 0(T), 

U = («i + 1*4) - fx = hi +h A + 0{T). 

This expansion of / coincides formally with the formal meromorphic solution i|3.4fl of i|3.1|) under 
the change of the constants 

eg = \k, c\ = -hi — \uik, Cq = h 2 — \k, Cq = ^3, Cq = hi + /14 = k - h 2 + h 3 . 

Hence the formal meromorphic solution (|3.4|) must converge. 

4.2. The family of type (13). First, transform the series l|3.5[) of type (13) formally by (|4.1() . 
then we have 

u a = -T-c° Q T 2 + 0(T 3 ), 

ui = -(c^ + ai4)+0{T), 
u + u 2 = -± + c a a + O(T), 

u 3 = -a 3 T + c 3 T 2 + 0(T 3 ), 

ui+u±= ± + c° + O(T). 

The variable ui already contains the arbitrary constant c\ in its constant term, so we need to pull 
out the c 2 appearing in u 3 . Noting that uq + u 2 has a simple pole while u 3 has a simple zero, we 
construct Taylor expansions successively as follows: 

(uo + u 2 )u 3 = a 3 - (c 3 2 + a 3 c° Q ) T + 0{T 2 ), 

(u + u 2 )(a 3 - (u a + u 2 )u 3 ) = -(c| + «3Co) + 0(T). 

Hence we introduce the following transformation: 

V = Uq, 
Vl = Ui, 

(4.3) v a + v 2 = l/(u + u 2 ), 

v 3 = (u + u 2 )(a 3 - (u + u 2 )u 3 ), 

V + ■ ■ ■ + V 4 = Uq + ■ ■ ■ + U 4 . 

Then we can verify that the transformation from / = (/o, ■ ■ ■ , f 4 ) to v = (vq, . . . , v 4 ) is expressed 
by 

vq = l//o, 

Vl = /o/i(«i - /0/1), 

(4.4) u + v 2 = l/(/o + /a), 

v 3 = (fo + f 2 )(a 3 -(f +f 2 )f 3 ), 

V H h V A = f Q H h/4, 
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and the variable v satisfies the system 

v' = 2vqVi - (a + 2ai)v 2 + 2v {v a + v 2 )((v + v 2 )v 3 - a 3 ) 

+ v (v + v 2 ) + v (vi + v 3 + v 4 ) - 1, 
v[ = SvqvI + 2(a + 2a 1 )v a v 1 - 2vi(v + v 2 ){{v + v 2 )v 3 - a 3 ) 

- vi(v + v 2 ) - vi{vi +v 3 + v A ) - (a + cti)ai, 

v a + v 'i — 2 ( u o + v 2 ) 2 (2v vi -oto- 2a x + 2(v + v 2 )v 3 - a 2 - 2a 3 ) 
+ (vo + v 2 ) 2 + (vi +v 3 + w 4 )(«o + v 2 ) - 1, 
v' 3 = -3(uq + v 2 ) 2 v 2 - 4v a vi(v a + v 2 )v 3 + 2(a + 2a% + a 2 + 2a 3 )(v + v 2 )v 3 

- (vq + v 2 )v 3 - (vi + v 3 + v 4 )v 3 + 2a 3 v a vi - (a a + 2ai + a 2 + a 3 )a 3 , 
v' Q + • ■ ■ + v' 4 = a + ai + a 2 + a 3 + a 4 , 

from which it follows that 

v' 2 = 2(v + v 2 )((v + v 2 )v 3 - a 3 )v 2 

+ (2v + v 2 )(2(v vi - ai) - (a + a 2 ))v 2 + (v + v 2 )v 2 
+ (vi +v 3 + Vi)v 2 - a Wo- 
Now let v — v(t) be the unique holomorphic solution with 

v(t ) = («o(*o), • • • , Vi(t )) = (0, hi, 0, h 3 , hi). 

Then we have 

»o(*d) = -1. v'o(t ) = -k; v' 2 (t ) = v%(t ) = 0, v { 2 3) (t ) = -2a 2 , = ~8a 2 k, 

where k := hi + h 3 + /14. This gives the Taylor expansion of v as follows: 
v Q = -T(l + ±kT + 0(T 2 )), vi=hi + 0(T), 

v 2 = -\a 2 T z (l + kT) + 0(T 5 ) 1 v 3 = h 3 + 0(T), v 4 (t) = h 4 + 0(T). 

Noting that 

vo + v 2 = -T (1 + \k T + 0(T 2 )) , 

we have 

/o = 1/«o = -t + 5* + 0(T), 

fi = v (ai - v vi) = -aiT - (hi + \aik) T 2 + (9(T 3 ), 

1 l_ = -v 2 

vq+v 2 v v (v + v 2 ) 

h = («0 + v 2 )(a 3 - (v + v 2 )v 3 ) = -a 3 T - (h 3 + \a 3 k) T 2 + 0(T 3 ), 
fi = (vo + ■ ■ ■ + Vi) -(/! + ••• + U) = ± + \k + 0(T). 
The formal meromorphic solution l|3.5[) formally coincides with this meromorphic solutions if 



h = z-rzr -- = T7^hr\ = h* T + • T 2 + 0(T 3 ), 



Cq = hk, c\ = —hi — gctifc, c 2 — —h 3 — \a 3 k, 
and hence the formal solution (|3.5(l must be convergent. 

4.3. The family of type (132). We need transform the formal meromorphic solutions (|3.6|l by 
the change of variables (|4.4[) and observe the arbitrary constants Cq, c 2 and c 2 , which will appear 
in the expansion of v — (vq, ■ ■ . , U4). 
First of all, we observe that 

Vo - V/o = ~T - c° T 2 + i \2a + 3ai + 5a 2 + 3a 3 + a 4 + 2(cg) 2 ] T 3 + 0(T 4 ), 
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and i>o has a simple zero. Secondly, from 
V3 = (/o + /2)(a 3 -(/o + /2)/ 3 ) 



-fir (l - 2c°T - i 



7a + llai + 15a 2 + 9a 3 + 3a 4 - Q(cof 



^(22a + 36 ai + 50a 2 + 29a 3 + 8a 4 )c° - f (c°) 3 + 7c 3 ] T 3 ) + 0(T), 



it follows that l/u 3 has a zero of order three. We will select vo and l/v 3 as coordinates with initial 
value 0. Since 

Vl + V 3 = / (ai - /o/l) + (/o + /2)(0!3 - (/o + /b)/}) 

= /o(ai + "3 - /o(/i + /3) - 2/2/3) + f2(0l3 - f2f3) 
= [|(a + «i + a 2 + a 3 + a 4 )c[J - 2c 3 ,] + O(T), 

the value of the arbitrary constant c 2 can be recovered from the initial value of v\ + v 3 . For the 
remaining arbitrary constant c|, we observe that 



1 



1 



v 2 = 



-h 



fo + h fo /o(/o + h) 

\a 2 T 3 + §a 2 cg T 4 + ±a 2 \la + llai + 15a 2 + 9a 3 + 3a 4 + ll(cg 
+ 



jib 



^a 2 ((62a + 96«i + 135a 2 + 84a 3 + 28a 4 )c° + 26(c a f - 30c 3 ,) - cj 
0(T 7 ), 



and then write it as 

v 2 + c 2 4 T 6 = \a 2 T 3 (l + 2c°T + \ 7a a + Ilea + 15a 2 + 9a 3 + 3a 4 + 11 (eg) 



j.2 



(62a + 96ai + 135a 2 + 84a 3 + 28a 4 )c[j + 26 (eg) - 30c?, 



T' 



+ 0(T 7 ). 
Then, multiplying w 3 , we obtain 

(«2 + c 4 T> 3 = -a 2 (l + • T + • T 2 + ± [c 3 + (a 2 + a 3 )c°] T 3 ) + <3(T 4 ), 



= — a 2 — 3 a 2 



4 + (0:2 + 0:3)$ T 3 + 0(T 4 ). 



Noting that c\ T 6 • u 3 = -3c| T 3 + 0(T 4 ), we have 



V2V3 



-a 2 



±a 2 (c 3 + (a 2 + a 3 )c° ) - 3c 2 } T 3 + 0(T 4 ), 



and hence — a 2 — w 2 w 3 has a zero of order three. 

Thus we are now prepared to define the following transformation: 



(4.5) 



Wq = v , 
wi + w 3 — Vl + v 3 , 

w 2 = v 3 (-a 2 - v 2 v 3 ), 
W3 = 1M, 

W H h W4 = Vq H hJ)4- 
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We can verify that the system for w is of the following holomorphic form: 

w' = 2wq(«7i + w 3 ) - (a + 2ai)wf t - Awlw 2 w 3 - 2(2a 2 + a 3 )wl 
+ 2w n w 3 (w 2 w 3 + a 2 )(w 2 w 3 + a 2 + a 3 ) 
+ w a (w a + w 2 + t0 4 ) + wq{wi + w 3 ) - 1, 
w[ + w' 3 — —2(w\ + w 3 )w 3 (w 2 w 3 + a 2 )(w 2 w 3 + a 2 + a 3 ) 

- 3wl(wi + w 3 ) 2 + 8w Q (wi + w 3 )w 2 w 3 - w^wl 

+ 2(a Q + 2ol\ + 4a 2 + 2a 3 )w a (w 1 + w 3 ) - 2(a Q + 2ol\ + 2a 2 + a 3 )w 2 w 3 

- 2w a w 2 - (to +w 2 + to 4 )(tOi + w 3 ) - (wi + w 3 ) 2 

- (a + ai + 2a 2 + a 3 ){ai\ + 2a 2 + a 3 ) + a 2 (a 2 + a 3 ), 
w 2 = -w 2 w 3 (w 2 w 3 + a 2 )(w 2 w 3 + a 2 + a 3 ) 

+ [w 2 w 3 (w 2 w 3 + a 2 ) + w 2 w 3 (w 2 w 3 + a 2 + a 3 ) 
+ (w 2 w 3 + a 2 ){w 2 w 3 + a 2 + a 3 ) - 2w a w 2 ] 
x [2to (toi + w 3 ) - w 2 w 3 - (ao + 2ai + 2a 2 + a 3 )} 

- (to + to 2 + 104)102 - (wi + to 3 )to 2 , 
w' 3 = wj(w 2 w 3 + a 2 )(w 2 w 3 + a 2 + a 3 ) 

- [wl(2w 2 w 3 + 2a 2 + a 3 ) - 2to to 3 ] 

x [2to (toi + to 3 ) - w 2 w 3 - (ao + 2ai + 2a 2 + 0:3)] 
+ (wq + to 2 + 104)103 + (wi + w 3 )w 3 - tog, 
w' H h w' A = a Q + ai + a 2 + a 3 + a 4 . 

Let to = w(t) be a unique holomorphic solution of the above system with 

to (t ) = (w (to), ■ • • , i«4 (<o)) = (0, hi,h 2 ,0, hi). 

Then, by a tedious calculation, we can obtain the expansion of to as 

w Q = -T(l + ±kT + a 2 T 2 + a 3 T 3 + 0(T i )), w 1 = h 1 +0(T), w 2 = h 2 + 0(T), 
w 3 = -±T 3 (1 + k T + b 2 T 2 + b 3 T 3 + 0{T 4 )) , Wi = hi + 0(T), 

where 

k = h\ + h 2 + hi, 

a-2 = \k 2 + |(2ao + 3ai + 5a 2 + 3a 3 + a 4 ), 

a 3 = jik 3 + + ^(13a + 21«i + 37a 2 + 21a 3 + 5a 4 )fc, 

b 2 = T^k 2 + \(7a + llai + 15a 2 + 9a 3 + 3a 4 ), 

o 3 = ^k 3 + \h x + ^(213^0 + 349ai + 485a 2 + 281a 3 + 77a 4 )fc. 
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From (|4.1|l . (|4.3|) and l|4.5|) . it follows that 

/„ = i/»o = 4 + iHO(r), 

/i = w (ai - WoWt) - w 2 u> 3 + wl/w 3 



-f +0- 



i(-a + 2«i + 5a 2 + 3a 3 + a 4 ) + ^/s 2 



T 



/ 2 = 



\hx + |fc(a + 5ai + 9a 2 + 5a 3 + a 4 ) T 2 + 0(T 3 ), 
1 1 w 3 (w 3 w 2 + a 2 ) 



wq - w 3 (w 3 w 2 + a 2 ) w w (w - w 3 (w 3 w 2 + a 2 )) 
-^a 2 T + ■ T 2 — |a 2 75 ( a o + 3ai + 0a 2 - 3a 3 - 4a 4 ) 



30 * 



h 2 - \a 2 h\ + |«2(ao + ai + 5a 2 + 5a 3 + a 4 )fc T 4 + 0(T 



/3 = -wl/w 3 + w a (2a 2 + a 3 + 2w 2 w 3 ) - w 3 (a 2 + w 2 w 3 )(a 2 + a 3 + w 2 w 3 ) 







ctQ + 3«i + 5a 2 + 2«3 — a 4 



o k 



h = 



|(a + ai + a 2 + a 3 + a 4 )k - \hi 
i + \k + 0{T). 



T 

0(T 3 ), 



Therefore, by the same argument as in the preceding subsections, the formal meromorphic so- 
lutions 1)3. 6JI converge. The relations between the arbitrary constants in l|3.6(l and /ii,/i 2 ,/i 4 are 
given by 

= \k, c 2 = —\h\ + 1(0-0 + ol\ + a 2 + a 3 + a 4 )k, 



L — 2 

C4 = hh 2 



ha 2 h\ + j^a 2 (ao + ol\ + 5a 2 + 5a 3 + a 4 )k. 



5. Augmentation of the phase space of the system (^4 4 ) 

We define a fiber space E over the parameter space 

V = { a = (a , • ■ ■ , a 4 ) e C 5 ; a + ■ ■ ■ + a 4 = 1 }, 

of which each fiber E(a-) for a £ V is the augmented phase space of the system ()3.1)l . Then we 
observe how Backlund transformations act on the space E. 
First, we define the space E and give its properties. Let 

/ = {0, 0+, 1+, . . . , 4+, 02+, 13+, . . . , 41+, 021+, 132+, . . . , 410+, 
0_, 1_, ...,4_,02_,13_,.. .,41_,021_, 132_, . . .,410_}, 

be a label set and let W* (* G /) be thirty-one copies of V x C 5 with coordinate system (a, x*) = 
(a-o, ■ ■ ■ ,ot4,;x®, . . . , x 4 ) e W*. We will define identifying relations among W*. In order to express 
identifying relations in simple form, we use some auxiliary mappings. 

Let , , , (i — 0, . . . , 4) be birational mappings given by $>i ± (a, £) = (a, -q) and 
*i±(a,l) = where 
„i±i _ i/£i±\ 



n 



v i±3 =f ±3 , 



V 

rj i±2 



^+1 = f ±l + f Tl 5 ^T2 = f T2 5 J-rf =J2?; 

3 3 



f± 2 



-i±3 



^i±l 



l/(f ±3 +f ±l ), 
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Then we define the space E by gluing W* via the following identifying equations among coordi- 
nates (a,x^) and (a,x ) 

^ i+ (a,x ) = (a,x i+ ), *j_i + (a,x i+ i + ) = (a,Xi-i i i + i + ), ^ i+ {a,x % -i ii+ i_) = (a, Xi-^ i+ i }i+ ) , 
^i_(a,x ) = (a,X{_), ^ l+ i_{a,x l -i_) = (a,Xi-i li+ i_), (a, sfj_i ) t+i + ) = (a,Xi-i li+ ij_). 

That is, 

E= ( U W * 

He/ 

where ~ is the equivalence relation generated by the above equations. Here, we notice that the 
coordinate systems in <|4.1|) . 14.3fl and 14.5fl are written as 

f = X , U = Xi_, V = Xiz_, W = Xi 32 + 

in our new notation. 

In the same way as in Subsection l2.3l we define the subset E7* of E for each * e I and coordinate 
mappings 

^:peC/,^ (oo(p), . . . , 04(p); x2(p), • ■ • , a£(p)) eff t = KxC 5 (* e I). 

Then the space E is described by the atlas {(ip* , J/*)}. We also have the natural projection 7Ty : E — > 
V. The fiber E(a) := 7iy x (a) is a five dimensional complex manifold for each a G V. 

Now we see that the space E is decomposed into the disjoint union of subsets, each of which 
corresponds to a family of meromorphic solutions. Let 

E = U , 

Ei = u±_ \ u = fo>!_ y 1 ({xl_ = 0}) 

= U 1+ \U = ^ 1+ )- 1 ({x 2 1+ =0}), 
Eis = f/i 3 _ \ Efc = (^isJ^Ka- = x 2 13 _ = 0}) 
= U 13+ \ U = faa+ym^ = x 2 13+ = 0}), 
E 132 = f/i32_\t/0 = (^i32_)- 1 ({a:?3 2 _ =xf 32 _ =0}) 

= U 132+ \ U = ^132 + ) _1 ({^ 32+ = x{ 32+ = 0}). 

Then 

E = Vx C 5 , E,~7x C 4 , Ei 3 = V x C 3 , E 132 = V x C 3 . 
Similarly, we define the following subspaces by cyclic rotation 

E 2 , E 3 , E 4 , E ; E 24 , E 30 , E 41 , E 02 ; E 243 , E 304 , E 410 , E 02 i . 
Then the space E is decomposed by these subsets as 

E = E U E U Ei U • • • U E 4 

U E 02 U Ei 3 U • • • U E 4i 



U E 02 i U Ei 32 U • ■ • U E 4 



The study of Section 0] shows: 
Theorem 5.1. The vector field 



dxl 



x P = X)(4(p)C# x (p) - 4 + » + 4 +3 (p) - x£Hp)) + <*(?)' 

i=0 

defined on E(a) n U extends to the entire fiber E(a) as a holomorphic vector field. 



t) 
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Secondly, we investigate how Backlund transformations act on the space E. For any w G 
we define a birational mapping a w from E to itself by 

(aj oa w )(p) = (w(a>j))(p), (x{ o<r w )(p) = (w(xi))(p), p G E, j = 0, . . . ,4 

for any * E I. Since a w > o <j w = a ww , for w, w' G W-^A^ 1 '), and since VF(A 4 ^) is generated 
by sq, . . . , S4 and ir, we need only to study Ui := a Si (i = 0, . . . , 4) and a n . 
We first note that: 

Theorem 5.2. for any w G (Jtu is a biholomorphic mapping from E(a) to E(u>(a)) /or 

any a G V , and the vector field X is invariant by a w . 

Proof. It is sufficient to show the proposition for w = sq, . . . , S4, 7r and these special cases can 
be shown by explicit calculation. By use of the coordinates u, v and w defined in the preceding 
section, we can verify that 

I Uj H Uij, 1 — 1, 3, 

Si(uj) = < Ui (uj = x{_) 

I Uj, i = 0. 



Si(Vj) = { Vi (Vj = x\ 3 

Vj, i = 0. 



!Oii 
Wj H u^, i — 2, 
Wl ( w j =x 132+) 
Wj, i = 0, 3. 

The remaining coordinates can be computed similarly. □ 

Remark 5.3. For any a £ V and w G W(A^), the augmented phase spaces E(a) and E(u)(a)) 
are isomorphic. 

Now we study how the mapping ai (i = 0, . . . , 4) acts on each component of the decomposition 
of E. We observe here only the case of i = 2, since the other cases are obtained by cyclic rotations. 
Let 



D 2 = {x% = 0} = {4 = 0} U {x 2 _ - 0} U {x\ + = 0} U {xj 3 _ = 0} 

and 

E'„=E„\^ 1 ({ a2 = 0}). 
Here ((p*)^ 1 ({x^ = 0}) is simply denoted by {x^ — 0} and the closure is that in the space E. 
Then the points of E \ ny 1 ({a2 — 0}) are mapped as follows: 

o- 2 (E \D 2 )=E \D 2 , a 2 (E' n D 2 ) = E' 2 , a 2 (E 2 ) = E' n D 2 , 
ct 2 (E \D 2 ) = E \^2, (r 2 (K n D 2 ) = E' 02 , a 2 (E' 02 ) = E' Q n D 2 , 
ff 2 (E 4 \L> 2 ) = E 4 \D 2 , o" 2 (E 4 n0 2 ) = E 24 , a 2 (E 24 ) = E 4 n D 2 , 

o-2(E' 13 n D 2 ) = E' 132 , <7 2 (Ei 32 ) = E' 13 n D 2 , 
cr 2 (Ei)=Ei, cr 2 (E41) = E41, cr 2 (E410 ) = E410, cr 2 (E 02 i )= E 02 i, 
cr 2 (E 3 ) = E 3 , ct 2 (E 30 ) = E 30 , o- 2 (E 304 ) = E 304 , cr 2 (E 243 ) = E 243 . 

These relationships explain the correspondence between the types of meromorphic solutions and 
the Backlund transformations. 

To end this section, we remark that the space E contains the augmented phase space for the 
system (-A^) as a submanifold with an appropriate restriction. In fact, setting a 3 = — 0, the 
system (j3.ll) can be restricted to fz = f± = 0. Therefore ((fi0)~ 1 ({a 3 = a± = x% = x% = 0}) C E 
is isomorphic to the fiber space for the system (A^). 
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6. The Hamiltonian system 

The differential system Ij3.lt is equivalent to the Hamiltonian system, as is shown in 0. This 
is shown by introducing a new coordinate system (pi, qi,p2,q2', t) in the original phase space { / G 
C 5 } fixing /o + • • • + .A = t. Then the system (|3.1[) is written as a Hamiltonian system 

dgj _ dH_ djh _ _dH_ _ ^ 
dt dpi ' dt dqi 

with a polynomial Hamiltonian function H of p%, qiiPi, 92 and t. We can also choose a coordinate 
system of each [/* for * G / so that the transformation from the coordinate system of U to that 
of U* is symplectic. This means that the Hamiltonian system in U extends to the whole space E. 

We list below the Hamiltonian functions H* for * = 0, 1 + , 1_, 13+, 13_, 132+, 132_, where 
the canonical coordinates in U* is denoted by the same notation (px, qi,P2, 92) for simplicity. These 
canonical coordinates are written by the original coordinates / of the system ()3.1|l as well as by 
our new coordinates x* . Note that we fix x® + ■ ■ ■ + x\ = t in every case. 

The Hamiltonian H in U : 

H = (t - qi - pi)qipi + (t- q 2 - ^2)92^2 - 2qipiq 2 
- a\qi + a 2 pi - («i + a 3 )q 2 + aip 2 , 

where 

Px= fa, 91 = /2, P2 = fa + fa, 92 = fa; 

(Pl,qi,P2,q2) = (x 1 ,x%,x 1 +X%,X%). 
The Hamiltonian H\, in Ui + : 

Hi + = (t - qi - pi)qipi - t(q 2 p 2 + an) - 92(92^2 + oti)(q 2 p2 + a 2 ) 
+ 2piq 2 p 2 + (a + 2ai + a 2 )pi - «49i + P2, 

where 

Pi = fa, qi = fa + fa, P2 = fa(-ai - fafa), 92 = I//2; 
(pi,qi,P2,q2) = {xf + ,xl + + xl + ,x\ + ,x\ + ). 
The Hamiltonian Hi in U\_ : 

Hi_ =(t-q 2 -p2)q2P2 - t(qxpi - ai) - pi(ai - qipi)(a +ai - qipi) 
+ 2qipiq 2 + qi - (a + 2ai + a 2 )q 2 + a 3 p 2 , 

where 

Pi = l//o) 9i = /o(«i - fafa), P2 = fa + fa, 92 = fa; 
(Pi,qi,P2,q2) = (xi_,x\_,Xi_+xl_,x 3 iJ. 
The Hamiltonian Hi 3+ m ^13+ : 

#13+ = - qi(qipi + ai){qipi + tti + ct 2 ) - 92(92^2 + a 3 )(q 2 p2 + "3 + "4) 

- 9i(9iPi + "i)(292P2 + 2a 3 + a 4 ) - t(qipi + «i + 92P2 + a 3 ) + Pi +P2, 

where 

Pi = (fa + fa){-ai - (fa + fa) fa), 9i = V(/a + fa), P2 = fa(-a 3 - fafa), q 2 = 1/fa; 

(Pi , 91 , P2, 92) = {x{ 3+ , x 2 13+ + x\ 3+ , xf 3+ , x\ 3+ ) . 
The Hamiltonian Hy 3 in J7x3_ : 

Hi 3 _ = -pi(ax - qipi){a +ai - qipi) -p 2 (a 3 - q 2 P2){oL 2 + a 3 - q 2 p 2 ) 

- P2(a 3 - q 2 P2)(a + 2a x - 2q x p x ) + t(ai - qipi + a 3 - q 2 p 2 ) + 9i + 92, 
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where 

pi = V/o, qi = h(ai - /o/i), P2 = i/(/o + .ft), 92 = (/o + /2)(q!3 - (/o + /2)/3); 

(Pi,9i,f>2,92) = (x? 3 _ , a^ 3 _ , a;? 3 _+ x? 3 _ ,zf 3 _). 
The Hamiltonian -ffi32 + in ?7i32 + : 

#132+ = 32(92^2 + a 2 )((72P2 + «2 + a 3 )(a + 2ai - 2qipi + <?2P2 + 2a 2 + a 3 ) 

- pi(ai - qipi + 92P2 + 2a 2 + a 3 )(ao + «i - 9iPi + 92P2 + 2a 2 + a 3 ) 
-pi(q2P2(a + 2ai - 2gipi) - a 2 (a2 + a 3 ) + P1P2) 

+ t(ai - qipi + q 2 p2 + a 2 + a 3 ) + q lt 

where 

Pi = l//o, 9i - I/92 = /o(ai - /0/1), 

gr 2 (-a2 - q2P2) +Pl = l/(/o + .ft), 1/92 = (.ft + f2)(a 3 - (/o + .ft).ft); 
(Pl,9l,P2,92) = (^?32 + >^132++ ^132+ ^132+^132+ )■ 

The Hamiltonian H\ 32 _ in ?7i32_ : 

His2_ = - Pi(a 2 - q\P\){a\ + a 2 - qipi)(ai + 2a 2 - qipi + 2q 2 p 2 + 2a 3 + a 4 ) 

- q 2 (a 1 + 2a 2 - qipi + q 2 p 2 + a 3 )(ai + 2a 2 - q\P\ + 92P2 + a 3 + a 4 ) 
+ q2(qiPi(2q2P2 + 2a 3 + a 4 ) + («i + a 2 )a 2 - qiq 2 ) 

- t(ai +a 2 - qipi + q 2 P2 + a 3 ) + p 2 , 

where 

1/pi = (.ft + /i)(-ai - (.ft + .ft)/i), Pi(a 2 - Pi9i) + q 2 = l/(.ft + .ft), 

P2 - 1/Pl = ft(-Q!3 - .ft/4), 92 = l/ft; 
(Pi, 9l,P2, 92) = ( 2; 132_ , • z; 132_ ' * z '132_~'~ a '132_ i a T32_ )■ 
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